We presentthe generalization of the discussion on the integrability condition given by Callan et al. and apply it to the calculation of the two-loop dilaton /i-function and effective action in the 6-model with the background gi}, hi} and t/>.
Strings propagating in background fields are described by two-dimensional non-linear a-models. The conditions for conformal invariance of the a-model are identified with the equations of motion for the massless string modes.1)-7) These equations can be derived from a single specetime low-energy effective action, which reproduces the classical S-matrix elements for the massless states of the string theory.8), 9) The above-mentioned ideas have been successfully tested by explicit calculations for the purely nietric bosonic a-model up to two loops in"perturbation theory,8) as well as for the N=l and N=2 supersymmetric a-models up to four loops.10)-13) The two-loop ,B-functions ,B9ij and ,Bbij governing the renormalization of the target space metric tensor gij and torsion potential b ij of the bosonic two-dimensional non-linear a-model with Wess-Zumino-Witten-like terms have been recalculated recently/4), 15) correcting an error in the previous computation of Ref. "16) .
In this work we present a consistency condition for ,B9 ij and ,Bb ij. The latter, together with the requirement of vanishing conformal anomaly, suffices to establish the existence of an integrability condition for the generalized conformal invariance equations of Ref. 8) . Starting from the two-loop ,B-functions ,B9ij and ,Bb ij/4), 15) we show that the consistency condition is verified and derive the dilaton ,B-function ,B~ and the effective action, including G(a') terms .
..
We start from the generalized conformal invariance equations 8 )
where Hijk=3D[ibjkj. We have introduced in the ,B-functions the tensors Tij and Aij, which represent corrections to terms of leading order in a'. In (1) and (2) we set Vi = + Di¢Jin the notation of Ref. 8», i.e., we restricted ourselves to consider only field redefinitions which guarantee that the conformal anomaly vanishes. 17 ) A discussion of the conditions for ultraviolet finiteness of the a-model in the case of a generic Vi is presented in Ref. 18 ). In order to achieve conformal invariance on the flat world-sheet, one must restrict the form of the field redefinitions allowed for the a-model with torsion. Such restriction coincides with the one which ensures that conformal invariance is maintained in the curved world-sheet calculations.17l
Taking the divergence of (1), and using the Bianchi identity, as well as (1) and (2) themselves, one gets (3) Thus, checking the validity of the following consistency condition, (4) for some scalar function 5 on the manifold, ensures that (1) and (2) admit an integrability condition (5) Notice that (4) is completely general, as long as Tij and Aij remain unspecified. When considering loop corrections to the S-functions satisfying (4), one can integrate
(6) Equation (6) with 5 defined by (4) represents the generalization to higher loops of the equation of motion of the dilaton field, for the a-model with torsion. For the existence of the flat spacetime solution we must set the constant to zero. We identify the conformal anomaly, including higher orders in a', as (7) This generalizes the arguments of Ref. 8) to the case in which a background antisymmetric field is present. For a justification of the identification (7), see the note added below.
Next, we focus on the two-loop corrections. In this Gase the forms of the tensors in (1) and (2) are 14 ),16) (8) 
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Vol. 79, No.6 (9) Performing an algebraic exercise, whose details can be found in Ref. 18 ), one can show that the consistency condition (4) is satisfied by (8) and (9) Thus, we conclude that the conformal invariance equations (1) and (2) admit indeed to O(a') an integrability condition requiring the constancy of a scalar function, which is identified with the conformal anomaly of the 6-model and the dilaton equation of motion. Comparing (10) with (6), we have (11) Substituting (11) into (7), we obtain the two-loop expression of the conformal anomaly
The spacetime equations of motions (1), (2) and (12) for the massless str:ing modes may be derived from the following spacetime effective action:
This action is the IPI generating functional for the massless particle tree scattering amplitudes. In fact, (13) agrees on-shell with the action of Ref. 9) which generates all bosonic string tree-level three-particle amplitudes correct to G(a'). Four-particle scattering amplitudes, which correspond to quartic H-field interactions, are computed for the heterotic string in Ref. 19) . A low-energy effective action, restricted to the case Di¢=O, appears in Ref. 15 ), but the coefficient of the term (Rabcd)2 differs from the one in (l3), as well as from the result holding for the pure metric 6-model. 8 ) We believe that (l3) is correct because it reproduces the results from the low-energy scattering of strings. 9 ) A few remarks are in order. i) We have generalized Callan et al.'s idea, including the effect of the antisymmetric tensor b u , while they only consider the metric tensor gij.
ii) The proof of the consistency condition is not so straightforward, due to the complicated algebraic structure of the counterterms (8) and (9) . Such a proof is crucial, in order to show that the 6-model description is consistent with the conformal invariance of the bosonic string.
iii) The results (12) and (l3) are far from obvious, because terms involving spacetime derivatives of the dilaton field do not appear in the corrections of higher order in a' to Eqs. (12) and (13) . So far, a cause (e.g., some symmetry of the massless particle string tree S-matrix) has not been found. We believe it interesting to show that this feature is present in the model in study.
In concluding, we wish to remark that our result shows that the identification of the on-shell effective action with the conformal anomaly suggested in Ref. 8 ) is correct including G(a') terms. In the context of the N=1 and N=2 supersymmetric 6-models it was shown that no terms containing the dilaton field appear in the G(a'3) corrections to the spacetime effective action. 12 ), 13) This feature is present in our result (13) as well, showing that the explicit coupling to the dilaton field does not contribute to the G(a') corrections. Thus, in computing the two-loop corrections to all the ,8-functions of the bosonic 6-model with torsion, one can assume that the world-sheet is flat. It is interesting to conjecture that a general proof of this statement could be derived for all conform ally invariant two-dimensional 6-models describing classical string physics.
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